1. Introduction.
Chandrasekhar [1] has considered the effect of an axial magnetic field of constant intensity on inviscid Couette flow. He found that the axisymmetric normal mode perturbations satisfying the linearized equations are stable when the angular velocity is increasing in the radial direction. We now consider an arbitrary axisymmetric perturbation and we show that under the above stability condition the perturbation energy is bounded in time. Moreover, the bound can be made arbitrarily small by choosing the initial perturbation values sufficiently small. Hence, the Couette flow is "stable" with respect to axisymmetric perturbations.
The conclusion readily follows once it has been demonstrated that an arbitrary perturbation is a sum of normal modes. The completeness of the normal modes, which is of interest in itself, will be derived from the fact that they are the eigenfunctions of a one to one, linear transformation which is symmetric and completely continuous. This is true even in the absence of the above stability condition.
2. The linearized equations. The linearized equations governing the motion of a perturbation are (cf. [1] ):
W, + (re + 2n)ur -^ (he), = 0, (2.2) Here the vectors u = (ur , u9 , w2) and h = (hr , h6 , hz) denote the perturbations in the radial, transverse, and axial directions of the perturbed velocity and magnetic intensity. Q(r), P(r), p, n and H denote the equilibrium angular velocity, pressure, density, magnetic permeability and magnetic intensity; the notation indicates which equilibrium quantities are functions of r and which are constant. In addition, a> denotes the perturbation of the quantity P/p + ixH2/(8irp) and primes denote differentiation with respect to the radial variable r, which varies on a finite interval 0 < a < r < b. The end points correspond to the cylinder walls at which the radial velocity vanishes, i.e., uT(a) = ur(b) = 0 (2.9)
The axial variable z varies from minus infinity to infinity. The perturbation has finite energy, i.e., it is square integrable.
We consider the equations obtained by taking the Fourier transforms of the perturbation variables. This amounts to replacing the operation of partial differentiation with respect to z by multiplication by ik in (2.1)-(2.8) where fc is the wave number. Eliminating a> between (2.1) and (2. We may now assume that the subsequence is the original sequence. In view of (5.2) it remains to show that ||u>i(n)||r has a Cauchy subsequence, but this is a special case of Rellich's Theorem (cf.
[5, p. 30]). It also may be deduced from the fact that w^in) is the image of the completely continuous operator, (D*)_1 = r (-)s-1 ds and that D*wl(n) is bounded in L2 . 6. Differentiability of the eigenfunctions.
It will be shown that in the process of "completing" DP no new eigenfunctions are added. In fact, it will be seen that the eigenfunctions are as differeDtiable as the equilibrium angular velocity, and that they vanish at the end points. Suppose that w is an eigenfunction. This means that J(k2<j)Wi -2Q£lAikw2) = Xwj Since wl is continuous and vanishes at the end points the same is true of iv2 by (6.2).
In view of (6.1) wi has two continuous derivates since the kernel of J is the Green's function of a second order differential equation. Now if £2 is twice differentiable, the same is true of w2 . Repeating this argument as many times as necessary we see that w is as differentiable as 0. We see also from (6.1) and (6.2) that if X == 0 then vh = 0 and J(0,w2) = 0. Applying (DD* -k2) to the latter gives w2 -0. Here we are assuming that £2 does not vanish identically in any subinterval. It follows that zero is not an eigenvalue, i.e., T is one to one.
The completeness theorem.
It has been shown in the preceding sections that the normal modes are the eigenfunctions of a symmetric, completely continuous, one to one, linear transformation of the complete Hilbert space of vectors, w = (wx , w2) such that Wi , its derivative, DiOi , and w2 are square integrable on (a, b). Convergence in the space is taken in the sense of (5.1). If follows (cf. [4] ) that for any vector / in the space / = £ (/> wn)Pwn (7. 1) where the normal modes wn are normalized by ||w"||p = 1. Moreover, the normal modes are orthonormal, i.e.,
(wn , wm)P = 5"m .
( 7.2) 8. Distribution of the characteristic frequencies. We now assume the stability condition (cf. Sec. 1):
It will be shown that the characteristic frequencies a" , wrhich are related to the eigen-
are real, nonzero, 5^ , but tend to as n -> co . The last two properties are true in the absence of (8.1) and follow immediately from the fact that X" -> 0 as n -» °° and that X" ^ 0, since they are the eigenvalues of an operator with properties stated in Sec. Substituting now from (8.2) yields <r2" > Oj/3/(l + /3) and this is equivalent to (8.3). When X" is positive (8.3) is immediate since the right side of (8.3) is less than one. 9. Normal mode expansion.
Consider an arbitrary perturbation and let w be defined by (2.12). Since w is in DP for each t we have from (7.1) the expansion w = X) «»W» (9.1) n where the Fourier coefficient
is a function of t. To determine this dependence on time we obtain from (3.2) and (3. where y and I are given by (10.2) and (10.1). It follows from (10.9) and from a similar bound on I calculated above that the energy norm, J' J" (lMr!" lM»|2 "t" \u*\" "t" "I" i^»|2 I^J2) dz dr, is bounded by some other norm evaluated at t = 0. In this sense the perturbation is stable.
11. Discussion.
A somewhat more complete version may be found in the author's [Vol. XXVI, No. 3 dissertation [3] . There it is shown that the expansion formula converges pointwise as well as in the mean. Asymptotic approximations are obtained for the normal modes and the characteristic frequencies. It is also shown that the stability condition (8.1) is necessary as well as sufficient in the sense that if the angular velocity is decreasing in some subinterval and the magnetic intensity is sufficiently small then unstable normal modes do exist.
The case of the nonaxisymmetric perturbation still waits to be treated. The theory of eigenfunction expansions has suffered neglect in the last decades. The study presented here promises to be useful in extending some results of Langer.
